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Relation between black hole entropy and quantum field spin
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Starting from the master equations of governing arbitrary spin fields, we calculate the free energy of
spherically symmetric space-time due to arbitrary spin fields. Then we study the entropy of seven kinds of
static space-times. The result shows that there is a linear relation between nonextreme black hole entropy and
quantum field spin. Taking into account the degeneracy due to spin, we have a direct proportion relation
between nonextreme black hole entropy and quantum field degeneracy. As for the extreme black hole, we find
that its entropy is zero.
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To find the statistical origin of black hole entropy, 't Hooft has to make some suitable approximation. In fact, the leading
proposed the brick-wall method in which the black hole en-term of entropy in the brick-wall method comes from the
tropy is identified with the entropy of the quantum fields contribution of the field near the horizon. As we all know,
surrounding the black hole itseffl]. Since the density of Hawking radiation comes from the vacuum fluctuation in the
states approaching the horizon diverges, in order to avoid thécinity of the horizon. We think, the black hole entropy does
divergence in the entropy he introduced the cutoff of theas well. According to this idea, we improved the brick-wall
order of the Planck length, which is interpreted as the posimethod[13]. For simplicity in mathematics, we will use the
tion of a “brick wall.” 't Hooft himself studied the contribu- improved brick-wall method in which the black hole entropy
tion to the entropy of a Schwarzschild black hole due to &s identified with the entropy of a layer quantum field in the
scalar field. He found that the leading term of scalar fieldvicinity of the horizon.
entropy is one-fourth of the area of the event horizon. After The field equations of governing arbitrary spin fields are
this, the method was applied to a scalar fi@dins=0) and  given by[14]

a neutino fieldspins=3) in various black hole backgrounds

[2—10], where it was shown that the leading term of neutrino —p— —
field entropy is seven-eighths of the area of the event hori- [A+2(s=p=1)y+(25=P)ulvzs-p-1
zon. Recently, the method was extended to the electromag- —[6+2(s=p)B—(P+ 1) 7]
netic field in a Reissner-Nordstroblack holg 11,12, where B
it was shown that the leading term of the electromagnetic ~(28=p=Dwihpsp-2=POYrs-p+1=0, (1)
field entropy is exactly twice that due to the scalar one and
the electromagnetic field entropy is equal to that of the gravi- [D+2(s—p)e—(p+1)plihas_p
tational field. .
In this paper, we give a calculation of the entropy of —[6+2(s—p—1)a+(2s—p)m]ihos p-1
spherically symmetric black holes due to arbitrary spin fields
(s=0 for a scalar fields= 3 for a neutrino fields=1 for an (25— p= DM o5 p-2F Prihas—p+1=0, (2)

electromagnetic fields= 3 for a gravitational neutrino field,
s=2 for a gravitational field. . .). We found that there is a wherey, is theith component of the fieldsis the spin of the
linear relation between nonextreme black hole entropy an@e|d: i=0,1,2...,%; p=0,12...,%5-1; D,A,8,5 are

quantum field spin. The result of the scalar field, the neutringyifferential operators of Newman-Penrose; ang, 8, etc.,
field, and the electromagnetic field agrees with the formergre Newman-Penrose spin coefficients. There ase- 2
Taking into account the degeneracy due to spin, we have gomponents for a quantum field with spn
direct proportion relation between nonextreme black hole en- The metric of spherically symmetric space-time can be
tropy and quantum field degeneracy. We also found that thgitten as
entropy of an extreme black hole is zero according to the
brick-wall method.

In the brick-wall method, due to technical difficulties, one ~ ds*=€*’"dt*—e~20(0dr?— Rz(r)(d02+s'”29d¢’2)'(3)

*Email address: ygshen@center.shao.ac.cn Choose the null tetrad below,

0556-2821/2002/68)/0840435)/$20.00 65084043-1 ©2002 The American Physical Society



CHANG-JUN GAO AND YOU-GEN SHEN

I*=(e"?Y,1,0,0 = (001

’ 1 1 1 2R 1 1 Sine ’
h=t1-e 200 =2 001
n_i( ,— € 11)1 m_\/ER "~ 25ing)

(4)
Then the nonvanishing spin coefficients can be obtained,
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where a prime denotes the derivative tbyFour differential
operators are defined as
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Considering Eqgs(5), Eq. (1) and Eq.(2) become
[A+2(s=p—1)y+(2s—p)ulthas—p-1
—[6+2(s— p)ﬂ]‘ﬁZsprO (7)

and

[D—<p+1>p]w237p—[3+2<s—p—1>a]¢23,p,1=o_( .

Setting 5y= SR, =R, ay=aR, andBy= SR, Eq.(7)
and Eq.(8) can be rewritten as

R[A+2(s—p—1)y+(2s—p)u][RD—R(p+1)p]
X ¢hos—p—[ 8o+ 2(s—p—1) arg]

X[ 8o+2(s—P)Bolthas—p=0 9)

and
RID—(p+1)p][RA+2R(s—p—1)y
+tR(25=p) u]has—p-1—[ o+ 2(s—P)Bol
X[So+2(s=p=L)aglips-p-1=0. (10
Set anew,
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Yas—p=Fos—p(t.1)Yim2s—p( 0, 9),

‘pzs—p—lz FZS—p—l(t!r)Y|m,ZS—p—l( 0,¢).
1y

Then the radial equation and angular equation are obtained

as

RID—(p+1)p][RA+2R(s—p—1)y
2
+R(2s— p)M]FZS—p—lz - 7F25—p—1a 12

RIA+2(s—p—1)y+(2s—p)u][RD—R(p+1)p]Fys

AN2+2
=—TFZS_p, (13
Y m 25— o 1 9*Ym oo Y m 95— o
Im,Zs2 p—1 . Im 252 p 1+ctg€ Im,2s—p—1
36 Sirfe dp a0

2i(s—p—1)cosb IYimas—p-1
Sirf e de

- (S_ p— 1)20t920YIm,2s—p—1+ (S_ p— 1)Ylm,25—p—1

+)\2Ylm,257pfl:01 (14)
oY 1 Y aY
Im,2s—p Im,2$7p_|_ctg(9 Im,2s—p
362 Sie  9¢? d0

2i(s—p)cost IYimas—p
Sirf 6 de

—(5=P)Yimas—pT (AN +2)Y|m 25 p=0,

- (S_ p)ZCtgzeYIm,Zs—p

(15

wheren?=[1+(s—p—1)][1 - (s—p—1)+1] is the separa-
tion constant.Y|y >, and Y, 1 are spin-weighted
spherical harmonicgl5,16]. | andm are integers satisfying
the inequalities

I=[s—p—-1], —-Isms=l. (16)
Using the WKB approximation, i.e., letting
F25—p—1:e_iwteifl(r)y Fzs_p:e_iwteifz(r), (17)

we get two wave numbers, respectively, from EtR) and

Eqg. (13),
_ dfy zu\/ 2 2u_)\2 -
1= W =e w"—€ _E—A(r)_, (18)
_ dfa —zu\/ 2 2u-)‘2 -
ZZW =e w"—¢€ E—B(r) , (19)
where
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A(r)=2(p+1)p[2(s—p—1)y+(2s—p)ul,

2
———[2R(s p—1)y+R(2s—p)u],
(20)
_ 2 1,79
B(I‘)——Q—ﬁe aT[RP(pJ“l)]’

+2(p+1)p[2(s—p—1)y+(2s—p)u]. (21)

According to semiclassical quantum theory and the im-
proved brick wall model, the constraint imposed on wave

numberK reads

rp+2h
nw=f Kdr, (22
r

H+h
wherery is the event horizon, antl is a small positive
quantity, i.e.,h<<ry.

The free-energy contribution of the component_,
can be obtained as

—BFi=+ 2 In(1e )

=ifdl(2I+1)fann(1te"3“’)

f d|(2|+1)ﬁf do
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where the plus sign and minus sign irt® correspond to the
Fermi case and the Bose case, respectiyelis the inverse

(23

of Hawking temperature. The extreme of integration in the

variablel is due to the facK, , has to be positive.

Similarly, we can get the free energy of the component

¢257p .

[(1)2+ eZUB(r)]SIZ
efo+1

2 ry+2h ©
—BF,= 3'8 " dre""“sz dw
0

ryth

(24)
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Schwarzschild space-time

For the Schwarzschild space-tim&?V=1—(2M/r)
=(1/r)(r—ry), R=r, whereM is the mass of the black
hole, andr is the radius of the event horizon. We find that
the corresponding free energy ¢bs_,—1 and s, is re-
spectively,

2B , ®

— BF,= anzfod sl (25
2B , h (=

_IBFZ—EI’HFJO dweﬁmil (26)

It should be noted that we used the median theorem in the
integration ofr, henceh<n<2h. We can show that the
event horizon is located a?V("M=0, i.e., 1-(2M/ry)
=0. So we have eVH'7DA(r,+7)=0, and
VWt MB(r,+ 2)=0. It is obviouslyF;=F,. Hence we
conclude that for a quantum field with sggnits 2s+1 com-
ponents all contribute equal free energy to the black hole.
Thus we get the whole free energy

2 h (= ®

F=——r{—| d 2s+1), 2
37 H7]2 0 weﬁ il( ) ( 7)
i.e., due to the boson field part,
2 7 4 h
Fp=— ZSErH;(szF 1) (s=012...) (28

and the fermion field part,

7 2 s h
(29

From the relation between entropy and free energy,

S= 2% 30
we obtain the entropy of a black hole,
Sm o 7734h(2 +1) (3D)
=— —r;—(2s ,
45 g3 M2
s -2 ™l (25+1) (32
=— —r;—(2s .

h and » are of the same order, i.eh~». Thus we have
h/7?~1/h. Following 't Hooft, we chooseh/7?~1/h

=90B. Considering the inverse temperatyse=4ry and
the area of the event horizok=4sr2, we can write Eq.

To find the relation between black hole entropy and quan{31) and Eq.(32) as
tum field spin, we would like to consider some known static
black holes. Sy= 3 A(2s+1)

(s=0,1,2...), (33
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S = _ 1 LA(25+1) (S— % , % , %, - _), Garfinkle-Horowitz-Strominger space-time
(34 For Garfinkle-Horowitz-Strominger space-time?Y=1
—2M/r=(1r)(r—ry), R=+yr(r—a), M,a are the mass
whereA is the area of the event horizon. and the coupling coefficient of the black hole, respectively,
Taking into account the degeneracy due to spin, we thinlkand r, is the radius of the event horizon. Similar to the

i has too many components to describe the massless fieldSchwarzschild space-time case, we get the black hole en-

Therefore Eqs(33), (34) should be written as tropy due to bosons and fermions,
3
Sp= 7 Aw, (35) _ 87, h
S= -z —=rary—a) S o, (41
45 g3 7
Si= % %Aw, (36)
B 78 7 h
where the degeneraay is related to spirs. We obviously S=815 583 H(rH_a)?w' 42

havew=2s+1. For example, for scalas&0) and neutrino
(s=3) fields we havew=1, and for electromagnetics(  Substitutingh/ 7>°=908, B=4mr,, andA=4zr(ry—a)
=1) and gravitational§=2) fields we haves=2. into Egs.(41), (42), we get

. _ 1
Reissner-Nordstram space-time S= iAo, (43

For Reissner-Nordstro space-time,e?V=1—(2M/r) _
+(Q%r?)=(1hr?)(r—ry)(r—r_), R=r, whereM,Q are S1=
the mass and the charge of the black hotg,=M ; ;

whereA is the area of the event horizon.
MZ—Q?Z is the event horizon, and. =M —\M?—Q? is
the inner horizon. Similar to the Schwarzschild space-time
case, we get the black hole entropy due to bosons and fermi-

i iAo, (44)

Garfinkle-Horne dilaton space-time

ons, For Garfinkle-Horne dilaton space-time?Y=[1—(r/
56 OJ[1=(r-/n))@®/=, - R=r[1—(r_ /)]0,
_ E " 'y ﬁ 37) wherer andr _ are the event horizon and the inner horizon,
= 45 83 (ry—r_)2 2 a is a coupling coefficient, the mass and the charge of the
black hole areM=(ry/2)+[(1—a?/(1+a%)](r_/2), and
5 6 Q?=ryr_/(1+a?). Similar to the Schwarzschild space-
_ Z E m M ﬂ time case, we get the black hole entropy due to bosons and
f w (38
845433 (r,—r_)2 9% fermions,
3 4a%-2)/(1+a?
Substituting h/72=908, B=4mr3/(ry—r_), and A &= _W_r4(1_ f_—)( L 5
=47rf into Egs.(37), (38), we get 538 " My 7”2
S= 7 Aw, (39) -8 ° (1 r )<4a i) py .
=35 = 5 - —Q w.
8 45 g3 My 7?
Si=35 i Aw, (40)
Substituting h/ »?=908, B=4mry[1—(r_/
whereA is the area of the event horizon. The result changes,) ]2+ and A=4xr2[1—(r_ /r,)]27(+a)
if the black hole is extreme: into Egs.(45), (46), we get
Sb, extremé™ IimrHﬂrJ Sy= 7 Ao, (47
Sl 8r(ry—r_\> r& h 0 =5 i Aw, (48)
=lim, ., —— —w=0,
A5\ agr? | (ry—r_)2 52 whereA is the area of the event horizon. We can easily show
from Egs. (45), (46) that the entropy of the extreme
St extreme=lim,. ., S;=0 Garfinkle-Horne dilaton black hole is zero.
H ’

Thus we conclude that the entropy of the extreme Reissner- Gibbons-Moeda dilaton space-time

Nordstron black hole is zero. We should note that we cannot For Gibbons-Moeda dilaton space-time?V=[1—(ry/
take the limit in Eqs(23), (24) since lim ., B=c. There- r)][1—(r_/r)][1—(D%r?)], R=r?—D?, wherery and
fore, we must take the limit in Eq$37), (38). r _ are the event horizon and the inner horizon, &nis the
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axion-dilaton charge. The mass and the electric and the mag-

netic charges of the black hole are related g r _, andD.

Similar to the Schwarzschild space-time case, we get the

black hole entropy due to bosons and fermions,

—w, (49

(50

Substitutingh/ =908, B=4m(ri—D?)/ry—r_, andA
=4x(r4—D?) into Egs.(49), (50), we get
So= 7 Aw, (51

Si= 5 1 Ao, (52

whereA is the area of the event horizon. We can easily show
from Eqgs.(49), (50) that the entropy of the extreme Gibbons-

Moeda dilaton black hole is zero.

Horowitz-Strominger space-time

For  Horowitz-Strominger  space-time, e*V=[1
—(rp/r)J[1—(r_/)]MEFD R=r[1—(r_/r)]PED]

wherer, andr _ are the event horizon and the inner horizon,
respectively, andP is a constant. The mass and the electric
and the magnetic charges of the black hole are related to
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Sp= i Aw, (55

Si= 4% Ao, (56)
whereA is the area of the event horizon. We can easily show
from Egs. (53), (54) that the entropy of the extreme
Horowitz-Strominger black hole is zero.

de Sitter space-time

For de Sitter space-timee?Y=1—(\/3)r?=—(\/3)(r
+ry)(r—ry), R=r, where\ is the cosmology constant,
and ry is the radius of the event horizon. Similar to the
Schwarzschild space-time case, we get the black hole en-
tropy due to bosons and fermions,

87 9 h :

%_Eﬁm?w' (57)
787 9 h

Si=z =" (59)

8 45 g3 4)2 772"’

Substitutingh/ 72=908, B=2m+/3/\, and A=12x/\ into
Eq. (57) and Eq.(58), we get

Sy=7Aw, (59

Si=5 1 Ao, (60)

r_, andP. Similar to the Schwarzschild space-time case, wewvhereA is the area of the event horizon. Clearly there is a

get the black hole entropy due to bosons and fermions,

8 ’773 r P/(P+1) h
=— — 41— = .
Sb 45 ﬂ3rH( rH) 772(1)1 (53)
/
AL Y DR R L
8458 M7 1y 2™
(54)

Substituting h/ 7?°=908, B=4mry[1—(r_/ry)] YP*+D),
and A=47ra[1—(r_/ry) 1P+ into Eq. (53) and Eq.
(54), we get

linear relation between black hole entropy and quantum field
spin. Taking into account the degeneracy due to spin, we
have a direct proportion relation between nonextreme black
hole entropy and quantum field degeneracy. As for the ex-
treme black hole, we found that its entropy is zero according
to the brick-wall method17].
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